We prove that for non{linear L = L(R), G = dL=dR 6 = 0 the
Introduction
Higher{order theories, especially fourth{order gravity theories, are subject to con icting facts: On the one hand, they appear quite naturally from generally accepted principles; on the other hand, they are unstable and so, they should be considered unphysical.
Nevertheless, from time to time one can nd a statement like: "Whichever turns out to be the real theory of gravitation, the corresponding low{energy e ective Lagrangian will probably contain higher derivative terms." 1], so it makes sense to elucidate the structure of such theories without specifying a concrete physical context.
In sct. 2, we shortly review some classes of conformally related theories, especially, to show the di erence to our new approach of sct. 3.
Sct. 3 deals with fourth{order gravity following from a non{linear Lagrangian L(R). The conformal equivalence of these theories to theories of other types is widely known, but the conformal equivalence of these theories to theories of the same type but with di erent Lagrangian is much less known. We ll this gap by proving a duality theorem between pairs of such fourth{order theories. R = 0 which is of fourth order in the metric. This is the trace of fourth{order gravity as we are dealt with, but he did not deduce it from a curvature squared action.
In Bekenstein (1974, ref. 4] ) the conformal transformation from Einstein's theory with a minimally coupled ( ) to a conformally coupled ( ) scalar eld is proven where additional conformally invariant matter (radiation) is allowed. If radiation is absent and 6 = 0 then it works also with "coth" instead of "tanh". This is reformulated in his theorem 2: If g ij and form an Einstein{ conformal scalar solution with 2 6 = 6, thenĝ ij = 1 6 2 g ij and^ = 6= form a second one. One can see that this is a dual map because by applying the operator^twice, the original solution is re{obtained.
Let us comment this theorem 2: For the conformal scalar eld one has the e ective gravitational constant G ef f de ned by 1
A positive value G ef f implies a negative valueĜ ef f and vice versa. By changing the overall sign of the Lagrangian one can achieve a positive e ective gravitational constant at the price of the scalar eld becoming a ghost (wrong sign in front of the kinetic term). So, Bekenstein has given a conformal transformation from Einstein's theory with a conformally coupled ordinary scalar eld to Einstein's theory with a conformally coupled ghost. From this property one can see that this duality relation is di erent from the duality theorem to be deduced at in sct. 3, because there are no ghosts at all.
Later but independently of 4] the conformal equivalence between minimally and conformally coupled scalar elds with G ef f > 0 was generalized in 5] by the inclusion of several self{interaction terms. Cf. also ref. 6 ] for further generalizations to arbitrary coupling parameter and higher dimensions.
The conformal transformation from fourth{order gravity to Einstein's theory with a minimally coupled scalar eld was deduced in several steps: Bicknell (1974 it is noted that it may happen that one singular and another non{singular model may be conformally related. Magnano and Soko lowski 11] discuss which of the conformally related frames can be considered to be physical.
A duality theorem
Let us now deduce the duality theorem announced in the introduction which shall close a gap in the set of the aforementioned results. Two predecessors exist already: Buchdahl (1978 , and R is supposed to be di erent from zero. (Again, this conformal factor is the square of that conformal factor which is necessary to transform to Einstein's theory with a minimally coupled scalar eld.)
The general 4{dimensional case
Let us now start with the key element of the deduction. For a metric g ij and a scalar G 6 = 0 we de ne the conformally related metriĉ The duality theorem deduced above is a method to construct new solutions of fourth{order gravity from known solutions of a (possibly other) fourth{order theory.
This theorem is most powerful if applied to solutions with non-constant value R; the reason is obvious: On the one hand, the solutions with constant R are identical to solutions of Einstein's vacuum equation with suitably chosen cosmological term, and, on the other hand, the conformal factor is constant for this case. we rewrite eqs. (7)/(9) as follows which is valid in the range R > 0 (R < 0 is quite similar to deal with)
Special examples
So, for k = 1 3 we getR 0, for k = We insert eq. (15) 
Discussion
The duality operator was introduced in sct. 3.1 to simplify the deduction of a fourth-order gravity result, however, it seems to be applicable to other situations, too. Let us give a non-trivial application for fourth-order gravity (it is the last example of subsection 3.2. but now restricted to the range R < 0). We have 
